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Abstract 
This brief article outlines a new and rather simple method for obtaining the finite element 
matrices for a Perfectly Matched Layer (PML) used for elastic wave propagation in the context 
of a frequency-domain formulation. For this purpose, we introduce a fairly mild simplification 
which allows applying the stretching functions directly to the mass and stiffness matrices 
obtained via conventional methods (i.e. elastic elements), a novel strategy that allows 
circumventing the use of integration via Gaussian quadrature. In essence, the technique proposed 
herein is equivalent to a direct application of the method of weighted residuals in stretched space, 
followed by a conversion of the linear dimensions into position-dependent complex-values. Most 
importantly, numerical tests demonstrate that the technique does work as intended, and in fact, 
splendidly so. 
1. Introduction 
In a nutshell, the Perfectly Matched Layer (PML) is a numerical technique used for purposes 
similar to those of absorbing or transmitting boundaries [12], namely to suppress undesirable 
echoes and reflections of waves when models of infinite media are cast with discrete, finite 
models [1-10,14-17]. These numerical devices are based on stretching one or more coordinates 
by means of appropriate complex-valued, space-dependent functions which are designed so that 
the waves penetrate the PML without sensing any change in mechanical impedance, as a result of 
which the waves are completely absorbed and disappear into the PML. Since their introduction 
by Bérenger in 1994 [3], PMLs have been found so effective in the avoidance of the box effect 
that they have become the method of choice —at least among researchers dealing with 
electromagnetic waves. Conceivably, PMLs may also yet supplant and supersede the paraxial 
boundaries which until quite recently reigned supreme in the simulation of elastic wave 
propagation within unbounded domains. A possible exception to this may be the Boundary 
Element Method, which inasmuch it can deal with such domains with great effectiveness and for 
quite variable configurations, will continue to find widespread use in years to come. 
2. PMLs and viscoelastic anisotropy 
A fair number of modern papers on PMLs for elastic waves affirm that stretching of the 
coordinates is equivalent to some form of viscoelastic anisotropy. However, although PMLs do 
indeed exhibit anisotropic characteristics by their very construction, a more careful analysis 
demonstrates that there is no anisotropic, viscoelastic material which satisfies the transformation 
of coordinates, i.e. the transformed equations do not obey the equations of elastodynamics, not 
even if the scaled medium is initially isotropic and stretching is confined to a single coordinate 
direction. Moreover, although several well-known papers on the subject have previously 
observed on the failure of symmetry in the stretching transformation, their authors have then 
proceeded to ignore that fact as if all continued to be well. For example, Zheng and Huang 
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(2002) [17] first observe that “the anisotropic PML formulation requires that the waves in the 
PML are still governed by the equation of motion and Hooke’s law… That means the properties 
of the material can be modified, but not the physical principles behind the governing equations”. 
They then go on to say that   “in this artificial anisotropic absorptive material, the stress tensor 
is no longer symmetric”, yet later on in section 4.1 proceed to derive the numerical PML by 
invocation of the “principle of minimum potential energy”. Clearly, if the stress tensor is not 
symmetric, then stresses fail rotational equilibrium and the principle of virtual work ceases to be 
valid. Similarly, Harari and Albocher (2006) [8] state in their section 3.1 that “the modified 
tensor loses the two minor symmetries which may be interpreted in the layer as having a non-
symmetric stress tensor …”, but then go on with their formulation without ever looking back 
again. This seems peculiar indeed, for if the stretched stresses fail equilibrium, then none of the 
classical theorems of elasticity which underpin the finite element method —for example, the 
principle of virtual work— can be assumed without much ado to remain strictly valid for PMLs.  
 
Now, it can readily be shown that the loss of the minor symmetries implies that there is no 
anisotropic material which matches the PML properties, not even if stretching is confined to a 
single direction. This means in turn that the stretched equations cannot be interpreted as 
equations of viscoelasticity, and with that, the whole mathematical edifice based on the theory of 
elasticity breaks down, e.g. energy principles, thermodynamic considerations, and so forth. 
Hence, a PML is a purely mathematical device, not a physical one, although it does indeed 
absorb waves as intended, and then again is very good at that. On a related matter, we should add 
that Milton et al (2006) recently showed that the ordinary equations of linear elastic media are 
not invariant under coordinate transformation, no matter what transformation is applied to the 
materials. Instead, one has to look at a more general class of wave equations. 
 
Granted, the applicability of the method of weighted residuals in the context of PMLs does not 
depend on the validity of the principle of virtual work in the first place, since it can be used for 
any differential equation, even for those which in conjunction with their boundary conditions 
may not be self-adjoint. In addition, it may well be that PML authors have used the term 
“anisotropic” in a rather loose sense, without necessarily implying a strict mapping onto 
viscoelastic materials with space– and orientation dependent properties. Still, the fact that some 
well-known authors may have invoked the principle of minimum potential energy in the first 
place while some others may have referred to material anisotropy rather informally suggest that 
these concepts may be confusing not only to the uninitiated, but also those conversant in the 
subject area, even if both of these concepts are ultimately irrelevant to the formulation of PMLs 
and their performance as absorbing devices.  
 
In the ensuing pages we deviate somewhat from the conventional approach to PMLs which casts 
the stretched equations of motion in the context of a weighted residuals formulation together 
with Gaussian quadrature. Instead, we proceed to derive the finite element matrices for a PML 
directly in stretched space, which results in a simple transformation of the element’s physical 
linear dimensions into a complex counterpart. This has the advantage that many elements among 
the vast library of existing finite elements can readily be adapted for use as PMLs, provided that 
their characteristic matrices are known explicitly either in terms of the element’s linear 
dimensions or in terms of the coordinates of its nodes, and that these can in turn readily be 
associated with the stretched coordinates. We show that this procedure works just as well as the 
classical approach, and also suggest some other possible applications. To the best of our 
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knowledge, this ad hoc, simple approach has not been proposed before, even if in retrospect it 
may appear to be obvious.  
3. Finite elements for SH waves 
Consider a laterally homogeneous elastic half-space in anti-plane strain (i.e. subjected to SH 
waves) for which one seeks to develop a PML of finite depth. This numerical device will absorb 
all waves in the downward vertical direction, say z , so this will also be the direction of 
stretching. Hence, this changes the natural (or physical) coordinate z  into the stretched 
coordinate z .  In the absence of sources within the half-space, the equation of motion in 
stretched space is 
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with   being the mass density and G  the shear modulus. Both the stretched and natural 
coordinates are related by a complex-valued, nowhere zero stretching function  z z z   which 
satisfies the following properties: 
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Thus, the equation of motion can also be written in physical coordinates as 
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Step 1:  Vertical (initial) discretization 
Assume that the PML is discretized into finite elements, but to simplify matters, at first focus 
attention solely on the discretization in the vertical z  direction, and postpone for now the 
discretization in the horizontal direction, along which the system remains continuous in both 
space and time. Consider then a vertically finite region (i.e. a thin layer, which later on will 
contain a single row of finite elements) within which we describe the motions by means of 
interpolation functions of arbitrary order: 
 
      , , ,u x z t z x t N U          (3.4) 
 
in which N  is a row vector of interpolation functions, and U  is a column vector of “nodal” 
displacement functions. For example, for linear and quadratic expansions, 
 
  1   N ,  and  (1 )(1 2 ) 4 (1 ) (2 1)         N   (3.5) 
 
where  
1
1
j
j j
z z
z z
 

            (3.6) 
 4
in which 1,2,j    is the layer number, counted from the surface of the PML (i.e. the interface to 
the elastic region), and 0 1, ,z z   are the layer horizons (or “nodal surfaces”) , counted positive 
down. Application of the principle of weighted residuals in its weak form will then lead to the 
thin layer equation (i.e. the equation for a single thin layer or “element” in the PML) [11] 
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and  ,j j x tP P  contains the consistent shearing tractions at the upper and lower horizon of the 
thin layer, which are analogous to nodal forces in a conventional finite element. In the absence of 
external sources, and being these tractions a manifestation of the internal shearing stresses at the 
interfaces of the thin layer, they will be equilibrated by the equal and opposite tractions acting on 
neighboring thin layers which then cancel during the assembly of the system equation, in which 
case jP  can safely be ignored in the context of this paper. 
 
Now, for a formulation cast in the frequency domain, a widely used stretching function is of the 
form (e.g. Collino and Tsogka, 2001 [6]) 
 
  1 i ,z z z    ,  
m
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H
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in which 0  is an appropriate constant, H  is the total depth of the PML, 1,2,m  is an arbitrary 
integer power , and z  is measured perpendicularly from a point on the surface where the PML 
begins, i.e. from the interface with the elastic region. Hence 
 
    
0
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z
z zz s ds z z    ,     0, ,zz zz s ds        (3.10) 
and 
    1 1 1i , ,j j z z jz z z z z z                 (3.11) 
 
So here is the approximation:  In the same spirit of those conventional finite elements where the 
spatial variation of the material properties within an element is neglected, we proceed to neglect 
in the interpolation functions the local variation of the imaginary part z , i.e. we make the 
ansatz 
 1 1
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with 1j j zjz z L   being the stretched depth of the element. It follows that 
 
     N N N          (3.13) 
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and since z dz dz  , then 
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We observe that the thin-layer matrices are now identical to the matrices obtained for an elastic 
layer, except that they are stretched. Hence, all one needs to do is replace in the classical TLM 
formulation the depths of the thin layers by their complex, space-dependent, stretched 
counterparts. This is equivalent to assuming that one can apply the method of weighted residuals 
directly in stretched space as if it were elastic. For example, for a linear expansion, these 
matrices are found to be 
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with 
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Clearly, PMLs are perfect absorbers only if one is able to solve the exact, continuous wave 
equations with complex moduli, but any PML begins to elicit at least some wave reflections as 
soon as one discretizes the equations of motion (Johnson, 2010, [10]). Thus, one of the 
requirements for the attainment of near perfect absorption characteristics is to utilize a PML grid 
whose properties and stretching functions vary slowly from element to element, and if that is the 
case, then the assumption of constant properties within any element is a very good one indeed. 
Moreover, the very reason why the PML is inhomogeneous to begin with is to combat 
discretization errors.  In the absence of discretization, even a step function (i.e a PML with 
0m  ) would be reflectionless. Discretization breaks this property, so one falls back on the 
“adiabatic theorem”: any material change in a wave equation, if it is made gradual enough, will 
be reflectionless (Oskooi et al, 2008 [16]) . In our case the same situation holds true: all that 
matters is for the parameters to change gradually.  
 
Step 2:  Horizontal (complete two-dimensional) discretization 
We proceed next to carry out the necessary additional discretization in the horizontal direction x  
which may (or not) be modified by another stretching function x . It will then be found that the 
interpolation and integration in that direction involves appropriate combinations of the matrices 
in the previous section that will leave the complex factor (or divisor) zjL  unaffected, producing 
instead additional terms with factor (or divisor) xkL , namely the lateral width —perhaps also 
stretched— of the element, where the subindex k  identifies the element’s horizontal position. 
For example, in the case of a rectangular mesh with four-noded quadrilaterals based on a linear 
expansion in both ,x z  and where the nodes are numbered top-left, bottom-left, top-right and 
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bottom-right, the mass and stiffness matrices for an element contained in the jth thin layer and thk  
column are found to be 
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which agree perfectly with the classical formulation for a linear, isoparametric, rectangular 
element in anti-plane shear, except for the non-physical meaning of the now stretched 
dimensions ,xk zjL L .  Very similar results apply to the mass and stiffness matrices of other 
isoparametric elements based on both linear and quadratic interpolation functions.  Inasmuch as 
these are well known, their expressions can be omitted herein. 
4. Finite elements for SVP waves 
When the previous ansatz is applied to the in-plane (i.e. plane-strain) components of motion 
involving coupled shear and dilatational waves (i.e. the vector wave equation), very similar 
results are obtained, except that the formulation includes now twice as many degrees of freedom 
and yields additional thin layer matrices. Although the developments are now both lengthier and 
more complicated, ultimately one arrives at element matrices which are identical to those for a 
classical viscoelastic material, except that the linear dimensions in the directions of stretching are 
now both complex-valued and space-dependent. Hence, inasmuch as the method is valid for both 
SH and SVP waves, this means also that the method can just as well be applied to the three-
dimensional wave equation, because it is always possible to express any displacement field in a 
homogeneous medium by superposition of plane waves in all directions. Thus, no additional 
insight on the subject matter at hand will be gained by treating these cases in detail herein, so in 
the interest of brevity and conciseness, we omit them altogether. 
5. Examples 
By now some readers might well agree that the present PML formulation is indeed simpler—and 
perhaps even obvious— but they will also wonder if this procedure works in a satisfactory 
manner. The answer is an emphatic yes, it works splendidly well, as we shall demonstrate by 
means of two canonical problems for which closed form solutions are available. 
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Example 1: SH source at surface of an elastic half-space 
Consider an elastic half-space of mass density  , shear modulus G , and shear wave velocity SC  
subjected to an anti-plane, harmonic SH line source at the origin of coordinates on the free 
surface. We model this problem by means of three PMLs joined together as shown in Fig. 1. The 
central PML is stretched vertically while the two lateral PMLs are stretched in both their 
horizontal and vertical directions. The width and depth of each PML is taken equal to twice the 
shear wavelength, i.e. 2 / 2 /S Sk C     .  The parameters used in the simulation are: 2   
rad/s, 1SC   , i.e. 1S  , and for z  in formula 3.9 , 2m  , 2 2SH   , 0 10  .  
 
   Figure 1: Sketch of PML geometry  
 
In principle, one half of this model would have been sufficient, but we wished to demonstrate 
that the PML works just as well in either horizontal direction.  
 
On the free surface, this problem admits the exact solution (Kausel, 2006, p. 69 ) [13] 
 
    201,0, 2iy S
x
u x H
G C
     
        (5.1) 
 
in which  20H  is the second Hankel function of order zero.  
 
At first, we proceeded to subdivide each of the PMLs into a regular mesh of nine-noded, 
quadratic, isoparametric finite elements, using five such elements per wavelength, i.e. each PML 
contained 10 10  elements, each of which was stretched as described earlier. This fairly coarse 
mesh already provided excellent results, but returned displacements at the surface of the core 
PML which were too far apart for a satisfactory graphical comparison with the theoretical 
solution. We then increased the number of columns —but not the rows— of the central PML to 
100 while leaving the lateral PMLs untouched, which increased substantially the horizontal 
resolution while diminishing the numerical dispersion. Although in this model the core elements 
had rather skinny horizontal-to-vertical aspect ratios of 1:10, the results were spectacular: Along 
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the free surface, and within the core region, the computed displacements became 
indistinguishable from the exact solution, as will be seen in the ensuing.  
 
Figure 2: Displacements on the surface 
 
 
Figure 3: Close-up of response by current and classical methods 
 
Fig. 2 shows a comparison of the computed displacements against the exact solution. The region 
with abscissas in the range 1 1    corresponds to the core PML, while the remainder is in the 
lateral PMLs. As can be seen, in the core region the numerical and theoretical solutions are 
identical, while in the lateral PMLs, the numerical solution dies out before reaching the stiff 
lateral boundaries —as expected. The theoretical solution, of course, does not die out. 
Fig. 3, on the other hand, shows a close-up of the same problem, but this time computed with 
both the current method and with the classical PML approach with the same parameters and grid, 
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and using for the latter a Gaussian quadrature scheme of 10 10  points, which is far more than 
necessary. As can be seen, the current approach and the classical approach coincide with each 
other, and both are virtually the same as the exact solution. 
 
Figure 4: Horizontal displacement due to horizontal load in full space, 0z  , 0.25   
 
 
Example 2: Full space subjected to SVP line source 
To demonstrate that the method works just as well for SVP sources, we consider next the 
problem of a homogeneous full space subjected to an in-plane, harmonic line source. This is the 
classical Stokes problem in two dimensions for which the exact solution is (Kausel, 2006, p. 38): 
 
   1, ,ij ij i ju x z G        ,  , ,i j x z      (5.2a) 
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where ij  is the Kronecker delta (1 if i j , and zero otherwise), /S Sr C  , /P Pr C  , r  is 
the radial distance, PC  is the P-wave velocity, ,i j   are the direction cosines of the radial line to 
the receiver, and the    2 21 2,H H  are second Hankel functions of order 1 and 2, respectively. For 
receivers placed in the horizontal plane 0z  , r x  and  sgnx x  , 0z  , in which case the 
only two non-zero components are 
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    1,0,xxu x G    ,   
1,0,zzu x G
      (5.3) 
 
 
Figure 5: Vertical displacement due to vertical load in full space, 0z  , 0.25   
 
To model this problem with three PML’s as in Fig. 1, we make use of symmetry considerations, 
dividing the external load by two and restraining the vertical DOFs at the surface for a horizontal 
load (i.e. horizontal rollers), and the horizontal DOFs for a vertical load (i.e. vertical rollers). The 
parameters are as in the previous example, taking also a Poisson’s ratio 0.25  , i.e. 3P SC C .  
Figs. 4 and 5 depict ,xx zzu u  i.e. the horizontal displacement due to a horizontal load, and the 
vertical displacement due to a vertical load.  
 
As can be seen, the agreement with the exact solution is once again superb. Moreover, while we 
might have needed choosing a larger depth for the PMLs to accommodate the longer wavelength 
of P waves, we obtained similarly good results with the same mesh with Poisson’s ratio as high 
as 0.4. Hence, the proposed method not only works as intended, but does so very well indeed. An 
enlarged view of the comparison with the classical approach yields results qualitatively similar to 
those for the anti-plane case in Fig. 3, so the corresponding figures need not be shown. 
6. Additional applications 
In the light of the excellent performance of the proposed method together with its great ease of 
use, it would seem that it could readily be adopted for other types of PMLs, say cylindrical or 
spherical sectors modeled with either linear or quadratic elements. It suffices to use the known 
stiffness and mass matrices listed in numerous books on finite elements, and merely change the 
linear dimensions of these elements into position-dependent, complex values before assembling 
the global matrices. Moreover, it should also be possible to consider elements that are not 
aligned with the coordinate directions, provided that the stiffness and mass properties can be 
expressed in terms of the element’s nodal coordinates, which are then stretched as previously 
described. The writers have already verified the applicability of the method described to 
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cylindrical coordinates and will document these together with miscellaneous other applications 
in a separate article. These will demonstrate the superb accuracy that one can achieve with such 
PMLs in the context of problems of practical significance. 
 
Another relevant issue may be how well the proposed method copes with shallow waves of 
grazing angles of incidence. In this respect, we have already achieved very good preliminary 
results to be described in our forthcoming publication, but the reader may already ponder about 
the fact that in both examples shown, the dynamic line sources —which are wavenumber 
white— were placed right at the surface of the PML. Thus, the displacements depicted in these 
figures results mainly from waves traveling parallel to the surface that make up the bulk of the 
response computed.  
7. Conclusions 
The approximation proposed herein is equivalent to the assumption that one can apply the 
method of weighted residuals directly in stretched space, which then results in classical stiffness 
and mass matrices which contain the stretched linear dimensions of the elements as factors and 
divisors. In essence what we are doing is assume that the stretched material properties are 
constant within an element, and since that element is small in comparison with both the 
wavelengths that pass through it and the rate of change of the stretching functions, all is well. It 
suffices then to take the classical finite elements available in the literature and express their 
physical dimensions in terms of appropriate position-dependent, complex values. Moreover, this 
applies not only to the Cartesian reference frame considered in this paper, but also to cylindrical 
and/or spherical PML domains. To a casual reader and with the benefit of hindsight, this ad hoc 
and admittedly simple method might appear to be obvious, but to the best of the writers’ 
knowledge this concept had not been proposed before.  
 
In the examples considered herein our technique gave results which coincided with classical 
technique based on Gaussian quadrature, and both were virtually exact. In the light of the very 
positive results attained herein, we are confident that the performance and outstanding qualities 
of this simple approach will be confirmed by others. Indeed, what ultimately really matters is the 
performance of the PML as a wave-absorbing device, and in that regard, the proposed strategy 
passes with flying colors. 
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